UNIT III – CONTINUUM ELEMENTS
EX.NO:1
Shape function derivation for constant strain triangular (CST) Element
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[image: image2.png]‘We select a linear displacement function for each element as
u(x,y) = ay + ax + azy
v(x,y) = as +asx + agy

where u(x, y) and v(x, ) describe displacements at any interior point (x;,3) of the
element.
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[image: image4.png]We can solve for the a’s beginning with the first three of Egs. expressed in ma-

trix form as
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or, solving for the a’s, we have
{a} = Huy

where [x] is the 3 x 3 matrix on the right side of Eq. The method of cofactors
(Appendix A) is one possible method for finding the mverse of [x]. Thus,
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is the determinant of [x], which on evaluation is

24 = x(3; = m) + X (¥m = ¥i) + Xm(yi = 3))




[image: image5.png]Here A4 is the area of the triangle, and
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~!, we can now express Eq. in expanded matrix form as

a oy ]
{I‘z}:ﬁ B B B {u,}
a3 v % Im] Lt

Similarly, using the last three of Eqs. (6.2.4), we can obtain

a)y =y ]
{lls}:a Bi B B {,}
ag Vi % m| \om

Having determined [




[image: image6.png]%0, ..., V, and unknown nodal displacements u;,;, and w,. Beginning with Egs.
expressed in matrix form, we have
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Substituting Eq. we obtain

Expanding Eq. , we have

it + %5ty + it
31 [l X V9 Bt + By & Bt
Fitti + Yt + Yt

Multiplying the two matrices in Eq. and rearranging, we obtain




[image: image7.png]u(x,y) = %((ﬂ. + B+ 7+ (5 + B+ 1) + (@ + B + b )it}

Similarly, replacing u; by v;,4; by v;, and u,, by v, in Eq. we have the  dis-
placement given by

1
0(x,y) = 57 {( + Bix + yw)oit (o + B+ 79)0; + (o + Bk + 7¥)om}
To express Eqs. for u and v in simpler form, we define

(o + Bix + 7))

1
Ni=570+Bx+)
Np = ! (:
i = 57 (@ + B+ 709)
we can rewrite Egs.

u(x,y) = Nitti + Nty + Ny,

o(x,y) = Nivi + Njvj + Nowom
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[image: image9.png]Stress /Strain Relationship

In general, the in-plane stress/strain relationship is given by
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oy =D &

Ty Ty
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EX.NO:2
[image: image12.png]For the two-dimensional loaded plate shown in Fig.
nodes 1 and 2 and the element stresses using plane
neglected in comparison with the extemal forces.

AN\

y 100016

E5.6, determine the displacements of
stress conditions. Body force may be

FIGURE ES.6

‘Thickriess 7 = 0.5 in.,
£ =30 X 10 psi,v = 0.25




[image: image13.png]Solution  For plane stress conditions, the material property matrix is given by

g 32x 10" 08 x 10" o
1=v]= 08 x 107 32 x 107 0
90 —— 0 0 12 % 107

Using the local numbering pattern nsed in Fig. ES.3, we establish the connectivity as
follows:

Nodes
Element No. 1 2 3
i 1 2 4
2 3 4 2





[image: image14.png]On performing the matrix multiplication DB, we get
[1.067 —04 0 04 -1067 u:[

DB' =107 0267 —16 0 16 —0267 0
-06 04 06 0 o ~04

DB? =10 -0267 16 0 —L6 0267 0
06 -—04 -06 0 0 04

Those two relationships wil be used later in calculating strosscs using o* = DB"g. The mul-
tiplication ¢, A,B' DB gives the element stiffness matrices,

1 2 3 4 7 5*_ Global dof
[0983 -05 —045 02 -0.53 03
14 03 -12 02 -02

aad [—1.067 04 0 -04 1067 o]

k' = 107] 045 0 0 -03
12 -2 o0
Symmetric 0533 0
02 |

5 6 7 8 3 4« Global dof
[0983 —05 —045 02 -0533 03
14 03 -12 02

K =10 045 0 o 3
12 ~02 [
Symmetric 0533 0





[image: image15.png]In the previous element matrices, the global dof associatioa is shown on top. In the
problem under consideration, Q;, Os, Us, 07, and Qs are all zero. Using the elimination ap-
proach discussed in Chapter 3, it is now sufficient to consider the stiffnesses associated with

the degrees of freedom Q,, 0, and Q. Since the body forces are neglected, the first vector
has the component F, = —1000 b, The set of equationsis giver by the matrix representation

0983 —045 020 0
10 —045 0383 0 {Qp={ ©
02 o 14]lo, -1000




[image: image16.png]Solving for 0y, Oy, and O, we get
Q= 1913 x 105, @, =0875 X 10%in. @, = —7436 X 10~in.
For element 1, the element nodal displacement vector is given by
o' = 107[1.913,0,0.875, ~7.436,0,0]7

The element stresses o are calculated from DB'q as

o' = [-933, 11387, -623]  psi
Similarly,

o = 10°[0,0,0,0,0.875, —7.436]

o' = [934,234,-297.4) psi




[image: image17.png]Consider the two-dimensional loaded plate shown in Fig. E5.6. In addition to the condi-
tions defined in Example 5.6, there is an increase in temperature of the plate of 80°F. The
cocfficient of linear expansion of the material a is 7 X 10°%/°F. Determine the additional
displacements due to temperature. Also, calculate the stresses in element 1.




[image: image18.png]Solution We have a = 7 X 107%/°Fand AT = 80°F.So

aAT 56
& = | aAT | =107 56
[ o

Thickness ¢ equals 0.5, and the area of the element A is 3in The element temperature loads are:
o' = 1A(DB!) ¢,
where DB! is calculated in the solution of Example 5.5. On evaluation, we get
(69" = (11206 ~16800 O 16800 —11206 O]F
with associated dofs 1,2,3,4,7,8,and
(677 = [-11206 16800 O -16800 11206 0]

with associated dofs 5,6,7,8,3,and 4.
Picking the forces for dofs 1,3, and 4 from the previous equations, we have

F'=(R F F]=[11206 11206 16800)

On solving KQ = F, we get
(0 0 @=[182X107 1992x10° 0934 X 107)in

The displacements of element 1 due to temperature are
g =[1862 X 10° 0 1992 X 10 0934 x 107 ¢ of




[image: image19.png]The stresses are calculated using Eq. 5.68 as
o' = (DBY)'¢' - De
On substituting for the terms on the right-hand side, we get
ol = 101204 2484 078 psi




EX.NO:3
Shape function derivation for Axisymmetric element
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[image: image21.png]The element displacement functions are taken to be
u(r,z) = a1 + ar + a3z

w(r,z) = as+asr +agz



[image: image22.png]u(ry,zi) = w; = ay + arr; + azz;

Using Eq. (9.1.3), the general displacement function is then expressed in matrix form as
as

w={={aimi -l
:

Substituting the coordinates of the nodal points shown in Figure 9-5(a) into
Eq. we can solve for the ;s in a manner similar to that in Section 6.2. The

resulting expressions are
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[image: image25.png]Element stiffaess matrix [k] = 2z74[B]” [D][B]
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EX.NO:4
[image: image27.png]Calculate the terms of the conductance matrix for an axisymmetric element based on the
three-node plane triangular clement.

u Solution
‘The element and nodal coordinates are as shown in Figure  From the discussions in
Chapter 6, if we are to derive the interpolation functions from basic principles, we first
express the temperature variation throughout the clement as

T(r,2) = Gy + i + @z = Ni(r, )Ty + Na(r, )Ty + Na(r, ) T3

apply the nodal conditions, and solve for the constants. Rearranging the results in terms
of nodal temperatures then reveals the interpolation functions. However, the results are
exactly the same as those of Chapter 6, if we simply replace x and y with r and z, so that
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the interpolation functions are of the form

1
Ni(r.2) = T+ ar +dig)

Na(r, ) = (b + eor + doz)
Ni(r.2) = 7A@ (b3 + car + d3z)
where
by =rz—nzn by =rz—nz by =nzn—-nu
a=un-2 a=u-2 a=u-2u
di=r—n dy=ri—r3 ds=r,—n

and A is the area of the element in the rz plane.




EXNO:5Equation of elasticity stress-displacements, stress-strain relations.[image: image29.png]dz
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(a) A differential element in uniaxial stress; (b) resulting axial
deformation; (c) differential element subjected to shear;
(d) angular changes used to define shear strain.




[image: image30.png]The normal strain in the x direction at the point depicted is then
dx’ —dx _du

T

Similar consideration of changes of length in the y and z dircctions yields the
‘general definitions of the associated normal strain components as
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[image: image32.png]the strain vector as (e} =
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[image: image33.png]‘The general stress-strain relations for a homogeneous, isotropic, linearly elas-
tic material subjected to a general three-dimensional deformation are as follows:
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[image: image35.png]The stress vectoras {0} = {_ { = [D]fe}




EX.NO:6
Equation of elasticity Equilibrium Equations
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[image: image37.png]Applying the condition of force equilibrium in the direction of the x axis for
the clement of Figure
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Expanding and simplifying Equation B.16 yiclds
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Similarly, applying the force equilibrium conditions in the y and z coordinate
directions yields
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EX.NO:7
[image: image38.png]An axisymmetric body with a linearly distributed load on the conicat surface is shown in
Fig. E6.1. Determine the equivalent point loads at nodes 2, 4, and 6.

0.25MPa

z
Axis of
symmetry < t> 02MPa

FIGURE E6.1




[image: image39.png]Solution  We approximate the linearly distributed load by the average uniformly distrib-
uted loads on the edges 6-4 and 4-2 as shown in Fig. E6.1. Relationships for more precise
modeling of a lincarly distributed load are provided in Problem . We now consider the
twa edges 6-4 and 4-2 separately and then merge them.

For edge 64

p=035MPa. r=60mm, 2 =40mm, r,=40mm, 2 =5Smm

0= V=) + (5 - 3 - 25 mm

T' =2t aT, a7, »T, oT.J"
=[-87965 ~1UT9 76969 -1026257T N




[image: image40.png]These loads add 10 F,,, Fy;, F;, and F, respectively.
For edge 42
p=025MPa, r,=40mm, 2z =55mm, r,=0mm, z=70mm

2=V —n)+(z-2)P=25mm

T =27y ,[aT, aT, BT, HTJ
=[~397 -5236 -31416 -d1888]" N
These loads add to F;, Fy, F, and F,, respectively. Thus,
[F B B F Fy F,=[-3142 -4189 -11624 -16965 -879.7 —11729]




EX.NO:8
[image: image41.png]InFig.
fits in

E6.2,along cylinder of inside diameter 80 mm and outside diameter 120 mm snugly
a hole over its full length. The cylinder is then subjected to an internal pressure of

2 MPa. Using two elements on the 10-tnm length shown, find the displacements at the innet

tadius.
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[image: image42.png]Solution

Consider the following table:
Connectivity Coordinates
Element 1 2 3 Node r z
1 1 2 4 1 40 10
2 2 3 4 2 40 [
_— 3 60 0
4 o0 10

We will usc the units of millimeters for length, newtons for force, and megapascals for stress
and E. These units are consistent. On substituting £ = 200 000 MPa and » = 0.3, we have
269 X 10° 115 X 10° 0 115 X 10°
1LI5 X 10° 269 X 10° 0 115 X 10°

0 ] 077 x 10° [
115 X 10° 115 X 10° 0 269 X 10°

for both elements, det J = 200mm’ and A, = 100mm*. From Eq. 6.31, forces F, and F,
are given by

D=

fere 21rr;{,p, _ 211(40)(10)(2) .




[image: image43.png]The B matrices relating element strains to rodal displacements are obtained fiest. For ele-
ment 1,7 = 1(40 + 40 + 60) = 46.67mm and

-005 LI o 005 0
B O 01 0 -01 o 0
01 005 01 6 0 005

0.0071 0 0007 0 0.0071 o
For element 2,7 = 4(40 + 60 + 60) = 53.33mm and

~0.05 0 005 ] 0 0
gl 0 0 ° -01 0 o1
Tl oo —-005 -0 005 01 0

0.00625 0 0.00625 0 0.00625 0

The element stress—displacement matrices are obtained by multipiying DB:

-1.26 115 0082 —L15 143 0
- —0.49 269 0082 -269 0.657 01

t=
DB'=100 40 o385 —077 0 0 0385
—0384 115 0191 -115 0766 0
-127 0 142 -115 0072 115
_ -0503 0 0647 -2.69 0072 269
7.
DB =101 ",7 o35 -077 0385 077 0

—0.407 0 0743 115 0168 115




[image: image44.png]The stiffness matrices are obtained by finding 277 A, B DB for each element:
Global dof — 1 2 3 4 7 8

[403 -258 -234 145 —-1932 113
845 137 -789 193 -0565
¥ =10/ 230 -024 016 113
78 -193 0
Symmetric 225 o
L 0.565 |
Global dof —> 3 4 5 6 7 8
[2.05 0 -222 169 —0085 —1.69]
0.645 129 -0645 -129 ]
¥ =10 511 346 242 217
966 105 —9.01
Symmetric 262 0241
L 9.01 ]

Using the elimination approach, on assembling the matrices with reference to the degrees
of freedom 1 and 3, we get

10’=|: 403 -234[g) _ (2514
-234 435 )|Q,) T | 2514

©, = 0.024 X 107 mm
©,= 00133 X 102 mm

so that





[image: image45.png]Calculate the element stresses in the problem

Solution Weneedtofindo” = [g,.0,.7,. 3]

| for each cl ctivi
established in Example ch element, From the connectivity

' =[00140, 0, 0.0133, 0, 0, O x 1o
=003, 0, 0, 0 0, of x 102
Using the product matrices DB and q in the formula
o = Diq
we get
ol = [~166, ~582, 54, -284]T X 102MPa
o2 = [~1693, —669, 0, —541]' X 10?MPa




